We discuss conformal deformation and warped products on some open manifolds. We discuss how these can be applied to construct Riemannian metrics with specific scalar curvature functions.
Introduction
In this paper we study scalar curvature functions on some open manifolds. A classification result of Kazdan and Warner (with an improvement by Bérard Bergery) states that if N is a compact n-manifold without boundary, n ≥ 3, then N belongs to one of the following three catagories ( [2] p. 125).
(A) Any smooth function on N is the scalar curvature of some Riemannian metric on N.
(B) A smooth function on N is the scalar curvature of some Riemannian metric on N if and only if the function is either identically zero or strictly negative somewhere; moreover, any metric with vanishing scalar curvature is Ricci-flat.
(C) A smooth function on N is the scalar curvature of some Riemannian metric on N if and only if the function is negative somewhere.
Thus if the manifold N admits a Riemannian metric of positive scalar curvature, then it belongs to class (A). If N admits a Riemannian metric of zero scalar curvature and cannot admit a metric of positive scalar curvature, then it belongs to class (B). And any Riemannian metric on a manifold belongs to class (C) has scalar curvature negative somewhere. This completely answers the question of which smooth functions are scalar curvatures of Riemannian metrics on a compact manifold N. For noncompact manifolds, many important works have been done on the question of how to determine which smooth functions are scalar curvatures of complete Riemannian metrics on an open manifold. Results of Gromov and Lawson [5] show that some open manifolds cannot carry complete Riemannian metrics of positive scalar curvature, for examples, weakly enlargeable manifolds. Furthermore, they show that some open manifolds cannot even admit complete Riemannian metrics with scalar curvatures uniformly positive outside a compact set and with Ricci curvatures bounded ( [5] , [6] p. 322). On the other hand, it is known that each open manifold of dimension bigger than 2 admits a complete Riemannian metric of constant negative scalar curvature [3] . It follows from the results of Aviles and McOwen [1] that any bounded negative function on an open manifold of dimension bigger than 2 is the scalar curvature of a complete Riemannian metric.
By using conformal deformation, Ni and other authors have studied which functions on R n are scalar curvatures of complete Riemannian metrics that are conformal to the Euclidean metric [8] . While in [10] , Ratto, Rigoli and Véron give a rather detailed study of similar problem on a hyperbolic space using conformal deformation. In [7] , we apply conformal deformation to study scalar curvatures on more general types of open manifolds. Due to large variety of structures on open manifolds, it is rather unclear how to consider the scalar curvature question on an arbitrary open manifold. We will mainly restrict ourselves to open manifolds that have compactifications.
Let M be a compact (n + 1)-manifold with boundary ∂M and interior M. The boundary ∂M has finite number of connected components, and each component is a compact n-manifold without boundary. In this paper, we discuss the method of using warped products and conformal deformation to construct complete Riemannian metrics on M with specific scalar curvatures. By making use of the boundary, we can construct warped products at the ends of M. It is shown that if the boundary components belong to class (A) or (B), then M admits a complete Riemannian metric with positive scalar curvature outside a compact set. If a boundary component belongs to class (C), then we can construct complete Riemannian metric with scalar curvature approaching zero near the end. We discuss restrictions of using warped products and conformal deformation to obtain complete Riemannian metric of positive scalar curvature outside a compact set. If a connected component of ∂M belongs to class (C), then we show that, under mild assumptions of warping functions, it is not possible to conformally deform warped product metrics to complete metrics on M with nonnegative scalar curvature outside a compact set (theorem 3.8). In section 4 we discuss the scalar curvature functions and conformal deformation of more general type of Riemannian metrics known as polar type Riemannian metrics . We discuss some restrictions of using polar type Riemannian metrics and conformal deformations to obtain nonnegative scalar curvature outside a compact set of M (theorem 4.18).
Boundary components in class (A) or (B)
Let (N, g) be a Riemannian manifold of dimenison n and let f : (2, ∞) → R + be a smooth function. The warped product of N and (2, ∞) with warping function f is defined to be the Riemannian manifold ((2, ∞) × N, g ′ ) with
Let R(g) be the scalar curvature of (N, g). Then the scalar curvature R of g ′ is given
by the equation
for t ∈ (2, ∞) and x ∈ N . In section 4 we discuss a more general formular for the scalar curvature of the Riemannian metric dt 2 +f 2 (x, t)g, where f is a positive smooth function of (2, ∞) and N. When f is a constant function, the metric g ′ in (1.1) is known as a conic metric. See [7] for a discussion of scalar curvature and conformal deformation of conic metrics. If we denote
then equation (1.2) can be changed into [4] (
Let M n be a compact (n + 1)-manifold with boundary ∂M and interior M. In this paper we assume that the boundary is nonempty and has connected components
The existence of a complete Riemannian metric on M with constant negative scalar curvature has been proved in [3] . In the present case we have a simplier proof.
Proposition 1.4. If n ≥ 3, then on M there is a complete metric of constant negative scalar curvature which is a product metric near infinity.
Proof. On the compact manifold N i , there exists a metric g i of constant negative scalar curvature. Using the product metric on each (2, ∞) × N i and extending to the whole M, we obtain a complete Riemannian metric g 1 on M with scalar curvature R(g 1 ) being a negative constant outside a compact set. Let u be a nonnegative smooth function on
Using a result of Aviles and McOwen [1] , g can be conformally deformed into a complete Riemannian metric of constant negative scalar curvature. Furthermore, the conformal factor can be chosen to be equal to a positive constant outside a compact set.
Q.E.D. 
Proof.
The function is a bounded negative function. Using the complete Riemannian metric constructed above, we can conformally deform it into a complete Riemannian metric with the prescribed scalar curvature.
Q.E.D.
Consider the case when scalar curvature functions can be positive. For 1 ≤ i ≤ k, if the manifold N i admits a Riemannian metric of positive scalar cuvature, then the product metric dt 2 + g i has positive scalar curvature on (2 , ∞) × N i . If N i admits a Riemannian metric of zero scalar curvature, then we let u(t) = t α in (1.3), where α ∈ (0, 1) is a constant.
We have
Therefore we obtain the following. We note that the term α(1 − α) achieves its maximum when α = 1/2. And when u = t 1 2 we have R = 4n (n + 1)
We show that this is almost the best possible. Proof. Assume that
where α > 0 is a constant and v(t) > 0 is a smooth function. Then we have
And we obtain
Let δ be a positive constant such that δ 2 = (c − 1)/4. Then we have
Then δ is a constant independent on α. (1.9) gives (1.10) 2αtv
Let β = 2α and we choose α > 0 such that β < 1, that is, α < 1/2. Then (1.10) becomes
for some positive constant C. We have
Let t → ∞ we have
Or after changing the parameter we have
Choosing α < 1/2 close to 1/2 so that β < 1 is close to 1 and using the fact that δ is independent on α or β, we have
for a big integer N > 2. This gives
where C is a positive constant. (1.11) implies that
In particular, if R(g) = 0, then using warped product it is impossible to obtain a Riemannian metric of uniformly positive scalar curvature. The best we can do is when u(t) = t 1 2 , or f (t) = t 1 n+1 , where the scalar curvature is positive but goes to zero at infinity. It can also be shown that one cannot conformally deform the metric
into a complete metric of uniformly positive scalar curvature outside a compact set. For simplicity we assume that the boundary of M is connected. The case where ∂M has more than one connected component is similar.
Theorem 1.12 For n ≥ 3, let M be a compact (n + 1)-manifold with boundary N.
Suppose that N admits a Riemannian metric g of zero scalar curvature. Let g ′ be a
complete Riemannian metric on M with
Then the Riemannian metric g ′ cannot be conformally deformed in a complete Riemannian metric of uniformly positive scalar curvature outside a compact set.
Proof. For the metric g
where ∆ g is the Laplacian for the Riemannian metric g. Let
conformal deformation of g ′ , where u is a positive smooth function. Assume that g ′′ is complete and the scalar curvature of g ′′ , R g ′′ ≥ c 2 outside a compact set, where c is positive constant. Using (1.2) and the conformal scalar curvature eqaution [7] , we have
for all t ≥ t ′ , where t ′ > 2 is a constant. Fix a value t ≥ t ′ and integrate the above inequality with respect to the fixed Riemannian manifold (N, g), we have
where we have used Green's identity. For t ≥ t ′ , let
Using the Hölder inequality we have
. Thus we have
where ǫ is a positive constant given by
In this case f (t) = t 1/(n+1) for t > 2, we have
where α is a constant to be determined later and v(t) is a positive smooth function. We have
The quadratic term
we have q(α) > 0. If we take α = −(n − 1)/2, then
From (1.17) we have
Integrating both sides of (1.18) we obtain
for all t > t o , where c is a positive constant. Thus
for all t > t o . Therefore we have v(t) ≤ 0 for t large, which is a contracdiction. Hence v ′ (t) ≥ 0 for all t > t ′ . Then the inequality in (1.19) gives
+2α−2 ds .
As α = −(n − 1)/2 and n ≥ 3, we have n n + 1 + 2α − 2 < −1 .
Therefore after integration and let t → ∞, we have 
+2α−2+c 2 n+3 n−1 ds , for t > τ > 3. As in above, after integration we obtain
for all t large enough, where C 3 is a positive constant. Substitute into the first inequality in (1.20) gives
for all τ large enough, where C 4 is a positive constant. But this is impossible as the right hand side of (1.21) tends to infinity as t → ∞.
Boundary components in class (C)
In this section we assume that at least one of the boundary components of M , namely N 1 , belongs to class (C). Then any Riemannian metric g on N 1 would have the scalar curvature negative somewhere. Take a Riemannian metric g 1 on N 1 with R(g 1 ) = −n(n − 1). Then equations (1.3) becomes
for some positive constant a and
where t o > 2, C and α ≤ 2 are positive constants. If α = 2, we assume that C > n(n − 1). Then equation (3.1) has a positive solution on (2, ∞).
Proof. If α < 2, then we let u + = c + + t m and u − = c − , where c + , c − and m are positive numbers. If we take c + and m large enough and take c − small, then we have
By the upper and lower solution method, we obtain a positive solution (c.f. [7] ). In case α = 2 and C > n(n − 1), we may take u + = C + t (n+1)/2 , where C + is a positive constant. Then
if we take C + to be large enough. Here ǫ = C − n(n − 1) > 0 is a positive constant. Take u − to be a small positive constant. In this case, we obtain a positive solution as in above.
Q.E.D.
In the above lemma, when α = 2 and C ≥ n(n − 1), we have the following.
Lemma 3.3. Suppose that N 1 belongs to class (C). Let g be a Riemannian metric on N 1 . On the end (2, ∞) × N 1 , there does not exist a warped product metric
with scalar curvature R ≥ − n(n − 1) t 2 for all x ∈ N 1 and t > t o > 2, where t o is a constant.
Proof. Assume that we can find a warped product metric on (2, ∞) × N 1 with
for all x ∈ N 1 and t > t o > 2. We may assume that the scalar curvature of g is equal to −κ 2 at x o ∈ N 1 , where κ is a positive constant. With u(t) = f n+1 2 (t) and at x o , by (1.3) we have
In particular u
That is,
Consider the inequality
for t > t o > 2, where C ≥ 1 is a constant. Let ε > 1 be a constant such that ε(ε − 1) = C. Then we have
Upon integration from t 1 ≥ t o to t > t 1 , and using integration by parts twice, we obtain
Therefore we have
If there is a number t 1 ≥ t o such that u ′ (t 1 ) ≤ 0, then we have
This gives (ln u(t))
Hence u(t) ≤ ct ε for all t > t 1 , where c is a positive constant. If u ′ (t) > 0 for all t ≥ t o , then u(t) ≥ c ′ for some positive constant c ′ . Let C be a positive constant such that
Integrating from t 1 to t we have
as ε > 1. Here C ′ is a positive constant such that ln C ′ ≥ C/(c ′ t 1 ). Hence we again obtain the inequality u(t) ≤ bt ε for some positive constant b and for all t ≥ t 1 . Thus we find a constant c > 0 such that (3.6) u(t) ≤ ct ε for all t ≥ t 1 . In case C = (n + 1)(n − 1)/4 we take ε = (n + 1)/2, we have
where c ′ is a positive constant. Hence (3.4) gives
where δ > 0 is a costant. Similarly we have
for some positive constants δ ′ , ǫ and c ′′ . Thus (3.4) gives
for t large and hence u(t) ≤ Ct for some contant C > 0. From (3.4) we have
for t large enough, as n ≥ 3. Here c is a positive constant. We have
If u ′ (t ′ ) ≤ 0 for some t ′ , then u ′ (t) ≤ −c 1 for some positive constant c 1 . Hence u(t) ≤ 0 for t large enough, contradicting the fact that u is positive. If u ′ (t) > 0 for all t large, then
Thus u ′ has to be negative for some t large.
Q.E.D.
The result in lemma 3.3 is almost sharp as we can get as close to −n(n − 1)/t 2 as possible. For example, Let R(g) = −n(n − 1) let f (t) = t ln t for t > 2. We have
We can show that it is not possible to conformally deform the metric
into a complete metric of nonnegative scalar curvature outside a compact set. Acturally we can show more. We first note that if
for some positive constant c and for t > t o > 2, then
where t > t ′ > t o . As f ′′ (t) ≤ 0, we have f (t) ≤ Ct for all t > t o , where C is a positive constant. Therefore
Thus f (t) ≤ 0 when t is large. As in theorem 1.12, we assume that the boundary of M is connected. And the case where ∂M has more than one connected component is similar.
Theorem 3.8. For n ≥ 3, let M be a compact (n + 1)-manifold with boundary N. Suppose that N belongs to class (C) and g is a Riemannian metric on N with scalar curvature R(g) ≤ −κ 2 for some positive constant κ. Let g ′ be a complete Riemannian metric on M with
Suppose that f (t)f ′′ (t) ≥ −c 2 for all t large, where c 2 = 2(κ 2 − δ)/(3n + 1) and δ is constant such that 0 < δ < κ 2 . Assume that either (i) f (t) < Ct ln t or (ii) f (t) ≥ Ct α with α > 1, for t large, then there does not exist a complete Riemannian metric conformal to g ′ with nonnegative scalar curvature outside a compact set.
Proof. Let g ′′ = u 4/(n−1) g ′ is a Riemannian metric conformal to g ′ , where u is a positive smooth function. Assume that g ′′ is complete and the scalar curvature of g ′′ satisfies R g ′′ ≥ 0 outside a compact set. The conformal scalar curvature equation [7] gives
for all t ≥ t ′ . Fix a value t ≥ t ′ and integrate the above inequality with respect to the fixed Riemannian manifold (N, g), we have
where we have used Green's theorem and the fact that R g ≤ −κ 2 for some positive
Then we have
, where α is a constant to be determined later.
Substitute into (3.9) we have
Choose α such that n + 2α = 1, that is, α = −(n − 1)/2, we have
Upon integration we have
As f (t) ≤ Ct ln t, for some positive constants C and for t > t o , we have
That is, v ′ (t) < 0 when t is large. Thus we can find a t o such that
Here c ′ is a positive constant. We have
For any positive constant C > 0, we can find t ′′ > t o such that for all t ≥ t ′′ , (3.13)
gives (ln v(t)) ′ ≤ −c ′2 ln ln t t ln t .
where c ′′ is a positive constant. Thus
for some positive constants C ′ and β and for t > t o . Thus (3.14)
Since n ≥ 3, we have 2/(n − 1) ≤ 1. By Hölder's inequality, we have
where γ > 1 is a positive constant. Thus
Hence we can find x o ∈ N such that
Therefore the curve γ(t) = (t, x o ) for t ∈ (t ′′ , ∞) has finite length in the Riemannian
′′ for all t > t o and hence
As α > 1, we can conclude as above that the metric g ′′ is not complete.
We note that functions of the type f (t) = Ct α (ln t) β satisfy the conditon of theorem 3.8, where α, β, and C > 0 are constants, where if α = 1, then β ≤ 1.
Scalar curvature of polar type Riemannian metrics
Given a compact n-manifold N and a constant a > 0, consider the following metric on (a, ∞) × N:
where f is a positive smooth function on (a, ∞) × N and g is a fixed Riemannian metric on N. Let R(f 2 (t, •)g) be the scalar curvature on N corresponding to the Riemannian metric f 2 (t, •)g, that is, the Riemannian metric conformal to g with conformal factor f 2 (t, •), where t is treated as a constant. Let R be the scalar curvature of the Riemannian metric g. We show that (c.f. [3] )
In particular, if f depends on t only, then
which gives equation (1.2) . In general, if n ≥ 3 and we let µ(
where c n = (n − 2)/[4(n − 1)] [7] .
Let (x 1 , x 3 , ..., x n ) be a set of local coordinates for N and let x o = t. Since R 0jk0 = R j00k , we have
where R ijkl is the Riemannian curvature tensor for the metric g and is given by
.
are the Christoffel symbols for g. Using
we obtain R 0000 = 0 and for 1 ≤ j, k ≤ n, we have (4.6) 1≤j,k≤n
For 1 ≤ i, j, k, l ≤ n, we have
The first two terms on the right hand side of the above equation has no derivatives with respect to t and by (4.5) it is equal to R(f 2 (t, •)g) ijkl , the Riemannian curvature tensor for the Riemannian metric f 2 (t, •)g, for 1 ≤ i, j, k, l . And
Fix a t > t ′ and integrate both sides of (4.9) with respect to (N, g), we have
where we have used Green's identity. Using the fact that n ≥ 3, R ≥ α 2 for t > t
we have
where
integrating both sides of (4.11) gives (4.12)
Thus F (t) ≤ 0 for some t large enough, contradicting that f is a positive function. Therefore F ′ (t) ≥ 0 for all t > t ′ . Then (4.11) gives
Conbining the proof of lemma 1.8 and the above theorem 4.8, it can be shown that the scalar curvature R of g cannot decay to zero too slowly. More precisely, R cannot be bigger than or equal to cn 4t 2 for all t > t ′ > a and x ∈ N, where c > 1 and t ′ are constants. For if
for all t > t ′ . The proof of lemma 1.8 shows that F (t) = 0 for some t large. On the other hand it is known that F (t) > 0 for all t > a.
Theorem 4.13. For n ≥ 3, let g be a Riemannian metric on N with negative total scalar curvature. Then the scalar curvature R of the Riemannian metric g in (4.1) cannot be bigger than −c/t 2 for some constant c < 2n and for all t > t ′ > 2 and x ∈ N. In particular, R cannot be nonnegative for all t large.
Proof. Assume that
where c < 2n and b is a positive constant. Then (4.10) gives
where c ′ = c/n < 2 is a constant. If c ′ ≤ 0, then (4.14) shows that F (t) ≤ 0 for t large enough. So we may assume that c ′ > 0. From (4.14) we have
2 for all t > t ′ and x ∈ N, where t ′ > 2, C 1 , C 2 and b are positive constants.
Then for any positive smooth function u on (a, ∞) × N with Proof. Assume that the scalar curvature of the Riemannian metric u 4 n−1 g is nonnegative for all t > t 2 and x ∈ N, where t 2 > 2 is a constant. As in the proof of theorem 4.8, (4.25) implies that F (t) ≤ 0 when t is large enough.
It follows as in theorem 4.8 that we can relax the condition on the scalar curvature of g to R g ≤ − b
2 t α for all t > t ′ and x ∈ N, where t ′ > a, b and α < 1 are positive constants. Then (4.24) gives
For t large enough, since α < 1, we have
where C ′ and c ′ > 1 are positive constants. The proof of lemma 1.8 implies that F (t) = 0 for some large t. on 2M. We can modify the function R ′ on i 2 (M) so that it is negative somewhere there. Then the classification theorem of Kazdan and Warner implies that there is a Riemannian metric g ′ on 2M such that the scalar curvature of g ′ is the extended function R ′ . We can take g to be the restriction of g ′ on i 1 (M). The Riemannian metric g is not complete if ∂M is nonempty.
